Abstract-A Multi-PI control strategy is presented for block-structured nonlinear systems, aiming to overcome the drawbacks of the conventional nonlinearity inversion control method and improve the closed-loop control performance. Besides, the proposed Multi-PI method applies the traditional PI control algorithm to complex nonlinear systems, simplifying the control problems largely and reducing computation load greatly. Two benchmark systems are studied to demonstrate the effectiveness of the proposed control method.
I. INTRODUCTION
Block-structured nonlinear systems mainly denote systems with a Hammerstein or a Wiener model structure. They consist of the cascade connection of a linear dynamic block and a nonlinear static block [1, 2] , which makes the system analysis and control design easy. Hammerstein and Wiener model structures have proved to be effective in representing and approximating many industrial processes, as they may account for nonlinear effects encountered in most chemical processes [3] , such as pH neutralization processes, distillation columns, heat exchangers, polymerization reactor, dryer process and so on [3, 4] .
When a block-structured model is used for control purposes, the conventional control strategy is the nonlinearity inversion method [2, 5, 6] , which makes full use of advantages of the block structure, and is easy and effective in most cases. However, this method needs the static nonlinear element to be bijective, which is generally not the case [5] , especially when the nonlinearity systems exhibit input or output multiplicity. Besides, nonlinearity inversion may lead to performance degradation [7] . So many other methods have been tried to overcome these disadvantages. In Ref. [7] , the static input nonlinearity is transformed into a polytopic description, and then a linear MPC constrained to LMIs is designed. Whereas, the method also needs the nonlinear element to be invertible. In Ref. [5] , a NMPC based on sensitivity analysis is proposed for block-structured system. However, the sensitivity calculation involves solution of a series of partial differential equations, which makes the whole method complicated.
In this article, a Multi-PI control method is proposed for block-structured systems aiming to overcome the shortcomings of the conventional nonlinearity inversion method and solve the troublesome control problem of non-invertible block-structured systems in a classic and simple way. In the proposed method, a complex nonlinear control problem is decomposed into a set of simple linear control problems, which largely reduces the complexity and computation burden, solves the control of systems with input/output multiplicity in an easy way, and further avoids the performance degradation involving with the common nonlinearity inversion method. Two chemical processes are studied to illustrate the effectiveness of the proposed Multi-PI control method for block-structured systems with strong nonlinearity. exchangers, polymerization reactor and so on. As is depicted in Fig. 1 , a Hammerstein model is a blockstructured nonlinear model, which consists of the cascade structure of a static nonlinear function f (·) followed by a linear dynamic block H(z), whereas a Wiener model contains the same elements in the reverse order [1] . Thanks to their special structure, there is an excellent property for them. That is their nonlinear characteristic lie in the static gains not in the dynamics [8] . This property makes it convenient to get an effective model for complex systems, and facilitates the corresponding system analysis and controller design. 
where, x and w are intermediate variables; and f (·) is analytic and not necessarily invertible in this work. Hammerstein and Wiener model structures have been popular in modeling industrial processes, as they are able to capture the nonlinear effects encountered in most chemical processes [3] . Chemical processes such as pH neutralization processes, distillation columns, heat exchangers, polymerization reactor, dryer processes, and so on, have been modeled by block-structured models [4] . In this work, two benchmark block-structured systems are studied. One is a Hammerstein system-a Heat Exchanger process, and another is a Wiener system-a pH process.
B. Nonlinearity Inversion Method
Block-structured models are popular for their special structure that facilitates the analysis of nonlinear processes and has an underlying potential for controller design. A popular control approach for block-structured models is the nonlinearity inversion method [2, 5, 6] , which consists of the follows steps:
Firstly, remove the static nonlinearity from the original control problem via the inversion of the nonlinear element N -1 (·) and convert the nonlinear control problem into a new linear one, i.e., design a linear controller based on the linear dynamic element H(z). Secondly, convert the linear controller into a nonlinear one by the nonlinear inversion N -1 (·). Thirdly, implement the output of the nonlinear controller on the block-structured system.
The conventional nonlinearity inversion control strategy for Hammerstein and Wiener models is shown in Fig. 2a and Fig. 2b .
From the procedure above, we can see that the key to the nonlinearity inversion method is the invertibility of the nonlinear element N(·). However, the invertibility condition is not always satisfied [5, 9] . For example, when a Hammerstein system exhibits input multiplicity, or a Wiener system has output multiplicity, which can arise in practical processes, the static nonlinearity N(·) is not invertible. Under such circumstances, the nonlinearity inversion method fails. Thus, other control approach must be exploited to deal with non-invertibility cases.
III. MULTI-PI CONTROL OF BLOCK-STRUCTURED SYSTEMS

A. Multi-model Representation of Block-Structrued Nonlinear Systems
The multi-model control approach has proved to be useful in dealing with nonlinear control problems, and has attracted much attention and been studied extensively in the past years [10] [11] [12] [13] [14] [15] [16] . The major motivation for the multi-model control approach is that local linear modeling is simpler than global modeling because locally there are less relevant phenomena and simpler interactions [16] , and that the classic control techniques can be used to simplify the nonlinear control problems. The basic concept of multi-model control is to represent a complex nonlinear system as a combination of linear systems to which classical control techniques can be easily applied [13] . Obviously, it is applicable to blockstructured systems and may have potential advantages over the nonlinearity inversion method and other control methods.
Recently, an included angle based nonlinearity measure was proposed to assess the nonlinearity degree of SISO block-structured systems [17] . The absolute difference between the slope angles of two operating points along the static input-output curve is defined as the included angle of the two operating points. And further, the biggest included angle over an operating space is defined as the nonlinearity measure for the system in this operating space. Based on the included angle based nonlinearity measure, an included dividing method is proposed for SISO block-structured systems [15] , which can effectively divide a block-structured nonlinear system into a set of well-approximating linear submodels. The key point of the dividing method is to divide a blockstructured nonlinear system into a set of linear models according to the slope variation of its static I/O curve. Then a global multi-model controller can be designed to avoid the shortcomings in the common nonlinearity inversion method. In this section, we analyze the multi- 
Let Ω H be the full operating space of Hammerstein system (5) and apply the included angle dividing method [15] to it step by step. First choose a threshold value and the number of steady-state points to grid Ω H according to a priori knowledge. Then calculate the included angle matrix of the steady-state points. Finally, divide the operating space Ω H using the included angle matrix according to the algorithm in Ref. [15] . Suppose the operating space Ω H of the Hammerstein system (5) is decomposed into m subspaces Ω Hi , i = 1, 2, …, m. Each subspace has an operating point (u 0i , y 0i ) in it. At the operating point we have ( 1)) ( ( 2)) ...
'( ( 1)) ( 1) '( ( 2)) ( 2) ...
At operating point (u 0i , y 0i ), the following three equations exist. 
Substitute Eq. (7) into Eq. (6), we get: 
So we obtain the transfer function of Eq.(8) as follows: (9) is the linearized model of Hammerstein system (1) around operating point (u 0i , y 0i ). For m subspaces, there are m linearized models. So Eq. (9) can also be considered as the multi-model representation of the Hammerstein system (1). Besides, from Eq. (9), it is seen that the zeros and poles of the Hammerstein model Eqs. (3)- (4) is constant, and they do not vary as operating point changes, while the steady-state gain varies with operating point. It confirms the conclusion that the nonlinear characteristic of Hammerstein system is primarily static but not dynamic [8, [20] [21] [22] [23] .
In the same way, we analyze the multi-model description of the Wiener system (2) ( ( )) ( ( 1)) ( ( 2)) ... 
Suppose the entire operating space of Wiener system (2) to be Ω W which is decomposed into m subspaces Ω Wi , i = 1, 2, …, m according to the included angle dividing method. Linearize Eq. (13) around the operating point (u 0i , y 0i ) of the ith subspace, we get: ( 1)) ( ( 2)) ...
( ( )) ( ) ( ( 1)) ( 1) ( ( 2)) ( 2) ... 
At operating point (u 0i , y 0i ), the following three equations exist. ( 1)) ( 1) ( ( 2)) ( 2) ... 
Then the transfer function of Eq. (16) is:
Eq. (17) is the multi-model representation of the Wiener system (2). Obviously, for a Wiener model, its nonlinearity also lies in static characteristics but not dynamics.
In summary, block-structured nonlinear systems have primarily static nonlinearity, while their dynamics are basically linear. This is the special property belongs to block-structured nonlinear systems. And the included angle dividing method [16] is based on this property.
B. Multi-PI control Algorithm for Block-structured Systems
After the dividing and linearization above, we get a set of linear models Eq. (9) or (17), which can well approximate the block-structured nonlinear system. The control problem of a block-structured nonlinear system is then transformed into controlling a series of linear subsystems, which can be easily and effectively solved by traditional control techniques. Here the classic PI control method is used in the multi-model framework [23] .
For each linear model in Eq. (9) or (17), a PI controller is designed as in Eq. (18)- (19) .
where, k is the time step; K Pi , K Ii are the proportional, integral coefficients for the ith PI controller, respectively. The m PI controllers are scheduled by hard switching according to the operating conditions, as is displayed in Fig. 3 . The design of a Multi-PI controller for a blockstructured nonlinear system is summarized in the following steps:
Firstly, decompose the block-oriented nonlinear system into a set of linear subsystems through the included angle dividing method; Secondly, design a PI controller for each linear subsystem according to Eqs. (18), (19) ; Finally, schedule the PI controllers by hard switching in terms of the operating conditions.
In the following, the proposed Multi-PI control method for block-structured will be applied to two benchmark block-structured nonlinear systems. Closed-loop simulations will be shown to demonstrate the performance of the proposed control method. 
A. pH Process
The pH process is a typical Wiener type system where the material balance differential equations are almost linear and the equilibrium equation (titration curve) is a strong nonlinear static function. Consider the pH process described by Eq. (20) , where the weak acid of acetic acid (CH3COOH) is titrated by the strong base of sodium hydroxide (NAOH). Simulation data are displayed in Table I . The material balance equations and the equilibrium equation are as follows [6] :
As is shown in Fig. 4 , the pH process exhibits strong static nonlinearity (output nonlinearity). A single linear controller is not able to satisfy the control requirements. In the following, the proposed Multi-PI control method is employed. Firstly, divide the system by the included angle method, and two linear submodels are obtained (models are omitted for short of space). Obviously, the output follows the reference signal swiftly and accurately, no matter within one operating subspace or transition between neighbor subspaces. So the Multi-PI controller based on two linear submodels performs an excellent set-point tracking control task for this pH process. Fig. 6 shows the disturbances rejecting response of the pH process under the Multi-PI controller. At time = 18sec, -9% unmeasured disturbance is added to the system. So we can see from Fig. 6 , the output y strays away from the reference signal at time = 18sec. But it goes back to the neighborhood of the set-point quickly, and finally settles at the set-point. So the Multi-PI controller performs an excellent disturbance rejecting job, and satisfies the control requirements.
B. Heat-Exchanger
Consider a Heat Exchanger modeled by the following Hammerstein model [18] The static input-output map is depicted in Fig. 7 , from which it is clearly seen that the Heat Exchanger process exhibits strong static nonlinearity -input multiplicity. Thus, the usual nonlinearity inversion control method is not applicable to this Heat Exchanger process. Here in this paper, the Multi-PI control will be applied to it.
First, the process is divided into two linear subsystems through the included angle dividing method. The operating points are (u 01 , y 01 ) = (0.17,-4.22), (u 02 , y 02 ) = (0.66, 3.4215). Design a PI controller for each linear system. The parameters of the two PI controllers are as follows:
PI 1 ：K p1 =0.02; K i1 =0.01; PI 2 ：K p2 =0.012; K i2 =0.0043. Combine the two PI controllers as a global control by hard switching. And this Multi-PI controller will be applied to the Heat Exchanger process in the following. Fig. 8 displays the Heat-Exchanger's closed-loop simulation of set-point tracking control under our designed Multi-PI controller. As is seen clearly, the output y follows the reference signal closely in the entire operating region. The fast, accurate, and smooth output response proves a good performance of the Multi-PI controller for set-point tracking control.
In Fig. 9 , 4% disturbance v is added to the system at time = 80, and v is removed at time = 140. The response is quite satisfactory. When v appears at time = 80, the controller brings the output y back to the set-point quickly and precisely. When v vanishes at time = 140, the Multi-PI controller can also regulate the output y easily.
Figs. 8-9 illustrate the effectiveness of the Multi-PI controller for the Heat Exchanger process with input multiplicity. 
V. CONCLUSIONS
Block-structured models have proved to be popular in modeling industrial processes for their special and convenient structures, which facilitate the system analysis and synthesis. However, the general nonlinearity inversion control method and other control methods for block-structured models needs the static element to be invertible, which is not always satisfied, especially for systems with input or/and output multiplicity. Moreover, the nonlinearity inversion method may lead to a degraded performance. To improve the situation, a special purposed Multi-PI control method is proposed for blockstructured systems in this paper. In our method, based on the special structure of block-structured systems, an included angle dividing algorithm is employed to decompose a block-structured system into a set of linear subsystems, then a nonlinear control problem is decomposed into a set of linear control ones, to which the classic PI control strategy can be easily applied. Thus, a complex problem is solved in an easy way. Two benchmark systems are studied. Simulations illustrate the effectiveness of the Multi-PI controller.
